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ONSET OF DOUBLE DIFFUSIVE REACTION-CONVECTION IN AN ANISOTROPIC 
POROUS LAYER WITH INTERNAL HEAT SOURCE 
 
S. N. Gaikwad  and  M. Dhanraj 





The effect of internal heat source on the onset of double 
diffusive reaction-convection in an anisotropic porous 
layer subjected to chemical equilibrium on the 
boundaries is investigated analytically using linear 
stability analyses. The linear analysis is based on the 
usual normal mode method. The Darcy model is 
employed for the momentum equation. The effect of 
internal Rayleigh number, Damkohler number, 
mechanical anisotropy parameter and thermal anisotropy 
parameter on the stationary and oscillatory convection is 
shown graphically. It is found that the effect of internal 
Rayleigh number and mechanical anisotropy parameter 
have destabilizing effect, while the thermal anisotropy 
parameter has stabilizing effect on the stationary and 
oscillatory convection. The Damkohler number has 
destabilizing effect in the case of stationary mode, with 
stabilizing effect in the case of oscillatory mode. 
 
INTRODUCTION 
Double diffusive convection in a porous media occurs in 
many systems, and this problem has attracted 
considerable interest during the past few decades because 
of its wide range of applications, from the solidification 
of binary mixtures to the migration of solutes in water-
saturated soils. The other examples include geophysical 
system, electrochemistry and migration of moisture 
through air contained in fibrous insulation. Extensive 
reviews on this subject can be found in the books by 
(Ingham and Pop 2005), (Vafai 2000, 2005), (Nield and 
Bejan 2006), (Vadasz 2008).  
 
There are large number of practical situations in which 
convection is driven by internal heat source. Due to the 
internal heating of the earth that there exists a thermal 
gradient between the interior and exterior of the earth’s 
crust, saturated by multicomponents fluids, which helps 
convective flow. Further, internal heat source is the main 
energy source of celestial bodies which is generated by 
radioactive decay and nuclear reaction. Therefore, the 
effect of internal heat generation is very important in 
several applications that include reactor safety analyses, 
geophysics, metal waste form development for spent 
nuclear fuel, fire and combustion modelling, and storage 
of radioactive materials. Research articles related to 
internal heat source in porous media are provided by 
(Khalili et al. 2002), (Hill 2005), (Capone et al. 2011), 
(Bhadauria 2012), (Gaikwad and Dhanraj 2013). 
 
Thermal convection is considered to be an important and 
in many practical cases a major mechanism for the 
transport and deposition of salts and other chemicals in 
sedimentary basins. A variety of chemical reactions can 
occur as fluid, carrying various dissolved species, moves 
through a permeable matrix. The nature of the resulting 
dissolution or precipitation depends on the reaction 
kinetics and the influence of temperature, pressure, and 
other factors on them has been studied by (Phillips 
2009). The effect of chemical reactions on convective 
motion is not fully known and has received relatively 
little attention. Influence of chemical reaction on double-
diffusive convection in porous medium was first 
introduced by (Steinberg and Brand 1983, 1984). Their 
analysis is restricted to the regime where the reaction rate 
was sufficiently fast that the solutal diffusion could be 
neglected. (Gatica et al. 1989), (Viljoen et al. 1990) have 
examined the effect of exothermic-reaction on the 
stability of the porous system. Their study is limited to 
the case where the thermal and solutal diffusivities are 
equal so that overdamped oscillations are not possible. 
Linear stability analysis for chemically driven 
instabilities in binary liquid mixtures with fast chemical 
reaction was studied by (Malashetty and Gaikwad 2003). 
(Pritchard and Richardson 2007) have been considered 
the effect of temperature dependent solubility on the 
onset of thermosolutal convection in an isotropic porous 
medium. Anisotropy is generally a consequence of 
preferential orientation or asymmetric geometry of 
porous matrix or fibers encountered in numerous systems 
in industry and nature. (Malashetty and Biradar 2011) 
have studied the onset of double-diffusive reaction–
convection in an anisotropic porous layer.  
 
Therefore, in the present study we intend to perform 
linear stability analyses of double diffusive reaction-
convection in an anisotropic porous layer with internal 
heat source. Our objective is to study how the onset 
criterion for stationary and oscillatory convection is 
affected by the internal Rayleigh number, chemical 
reaction parameter and anisotropy parameters. 
 
NOMENCLATURE 
a  = wavenumber, 2 2l m+  
d  = height of the porous layer 
Da  = Darcy number, 2zK d  
g  = gravitational acceleration, ( )0,0, g−  
K  = permeability tensor,  
          ( ) ( )x zK K+ +ii jj kk  
k  = lumped effective reaction rate 
Le  = Lewis number, T z Sκ κ  
,l m  = horizontal wavenumbers 
p  = pressure 
Q  = internal heat source 
q  = velocity vector, ( ), ,u v w  
TRa  = thermal Rayleigh number,  
                             0 T z T zg TdKρ β µεκ∆  
SRa  = solute Rayleigh number,   
                           0 S z T zg SdKρ β µεκ∆  
iR   = internal Rayleigh number, 
2
T zQd κ  
S  = concentration 
( )eqS T    = equilibrium concentration of the solute    
                            at a given temperature 
S∆  = salinity difference between the walls 
T  = temperature 
T∆  = temperature difference between the  
walls 
t  = time 
, ,x y z  = space coordinates 
 
Greek Symbols 
Tβ  = thermal expansion coefficient  
Sβ  = solutal expansion coefficient 
ε  = porosity 
nε  = normalized porosity parameter,  
( ) ( )f mc cε ρ ρ  
Tκ  = thermal diffusivity tensor,  
     ( ) ( )Tx Tzκ κ+ +ii jj kk  
Sκ  = solute diffusivity 
χ  = Damkohler number, 2 Tzkd εκ  
µ  = dynamic viscosity 
ν  = kinematic viscosity, 0µ ρ  
ρ  = fluid density 
ξ   = mechanical anisotropy parameter,    
x zK K  
η   = thermal anisotropy parameter, T x T zκ κ  
 
Subscripts 
b  basic state 
c  critical 
f  fluid phase 
0   reference 
 
Superscripts 
*  dimensionless quantity 
′  perturbed quantity 
Osc  oscillatory 
St  stationary  
 
1 Mathematical Formulation 
We consider an infinite horizontal reactive fluid-
saturated anisotropic porous layer with internal heat 
source, confined between two parallel horizontal planes 
at 0z =  and ,z d=  with a distance d  apart. The planes 
are infinitely extended horizontally in x  and y  
directions and are free-free. A Cartesian frame of 
reference is chosen with the origin in the lower plane and 
the z - axis is vertical upward, where the gravity force 
g  is acting vertically downward. The lower plane is held 
at constant temperature 0T T+ ∆  and constant solute 
concentration 0S S+ ∆ , while the upper plane is held at 
0T  and 0S  with 0T∆ >  and 0S∆ > . The Darcy model 
is employed for the momentum equation and we are 
assuming that chemical equilibrium is maintained at the 
boundaries. The Boussinesq approximation is applied to 
account for the effects of density variations. Under these 
assumptions the governing equations are 
0∇⋅ =q ,                                                                       (1)   
0p µ ρ∇ + − =q g
K
,          (2)         
                       
(
)0
( ) ( ) ( ) ( ) .( . )
( ) ,
m f m
Tc c T c T
t
Q T T
ρ ρ ρ∂ + ⋅∇ = ∇ ∇
∂
+ −
Tq κ     (3) 
2( ) ( ( ) )S eq
S S S k S T S
t
ε ε κ∂ + ⋅∇ = ∇ + −
∂
q ,   (4)                                                            
0 0 0[1 ( ) ( )]T ST T S Sρ ρ β β= − − + − ,                            (5)      
where the constants and variables involved in the 
equations are given in the nomenclature. Furthermore, 
specific heat ratio ( ) ( )m fc cγ ρ ρ= , where 
( ) (1 )( ) ( )m s fc c cρ ε ρ ε ρ= − + . The basic state of the 
fluid is assumed to be quiescent and the variables except  
bq  are functions of z alone. To study the stability of the 
system we superpose infinitesimal perturbation on the 
basic state so that the equations governing the perturbed 
quantities are given by 
0′∇ ⋅ =q ,                                                          (6)                                    
( )0 0T Sp T S
µ ρ β β′ ′ ′ ′∇ + + − =q g
K
                             (7)         
 
( )
( ) ( ) ( )
( ) .( . ) ,
m f
m





′∂ ∆ ′ ′ ′+ ⋅∇ − = ∂  
′ ′∇ ∇ +T
q
κ
  (8)                                                                       
 
( ) 2 ( ( ) ).S eq
S SS w S k S T S
t d
ε ε κ
′∂ ∆′ ′ ′ ′ ′ ′+ ⋅∇ − = ∇ + −
∂
q  
               (9)    
By operating curl twice on Eq. (7) we eliminate p′  and 
then use the scalings 
( ) ( )
2




dx y z x y z d t t
d
T T T S S S
εκ
κ
∗ ∗ ∗ ∗ ∗
∗ ∗
= = =′
= ∆ = ∆′ ′
q q                   (10) 
to obtain non-dimensionalized Eqs. (6)-(9) in the form 




1 0T Sw Ra T Ra Szξ
 ∂
∇ + − ∇ + ∇ = ∂ 
,               (11) 
2
2
1 2( )n n i
T TT w T R T
t z
ε ε η∂ ∂+ ⋅∇ − = ∇ + +
∂ ∂
q ,         (12)    
21( ) ( )S S w S T S
t Le
χ∂ + ⋅∇ − = ∇ + −
∂
q .                     (13)  
All the non-dimensional parameters are as defined in the 
nomenclature. Eqs. (11)-(13) are to be solved for 
impermeable, isothermal, and isohaline boundaries. 
Hence the boundary conditions for the perturbation 
variables are given by 
0 at  0,1w T S z= = = = .                (14) 
 
2 Linear Stability Analysis 
In this section, we predict the thresholds of both 
stationary and oscillatory convections using linear 
theory. The eigenvalue problem defined by Eqs. (11)-
(13) and subject to the boundary conditions (14) is 
solved using the time dependent periodic disturbances in 
a horizontal plane, upon assuming that amplitudes are 
small enough and can be expressed as 
( )( , , ) ( ), ( ), ( ) exp[ ( ) ]w T S W z z z i lx my tw= Θ Φ + + ,    (15)                                                       
where l , m  are the wavenumbers in the horizontal plane 
and w  is the growth rate. Substituting Eq. (15) into Eqs. 
(11)-(13), we obtain 
2
2 2 2 0T S
D a W Ra a Ra a
ξ
 
− + Θ− Φ = 
 
,                (16)   
( ){ }2 2 0i nD a R Ww η ε− − − Θ− = ,                            (17) 
( ){ }1 2 2 0Le D a Ww χ χ−− − + Φ − Θ− = ,                 (18) 
where D d dz≡  and  2 2 2a l m= + . The boundary 
conditions (14) now read as 
0 at 0, 1.W z= Θ = Φ = =                                          (19)  
We assume the solutions to , ,W Θ Φ  in the form 
( ) ( )0 0 0( ), ( ), ( ) , , sinW z z z W n zπΘ Φ = Θ Φ ,  
            ( 1, 2,3,......)n = .      (20) 
The most unstable mode corresponds to n = 1 which is 
the fundamental mode.  Substituting Eq. (20) into Eqs. 
(16)-(18), and using the solvability condition we obtain 











w ε χ δδ
w δ
εε w χ δ−
 + + −
= + − +  + + 
,
                                               (21) 
where 2 2 2aδ π= + , 2 2 1 21 aδ π ξ
−= + , 2 2 22 aδ π η= + . 
The growth rate w  is in general a complex quantity such 
that  .r iiw w w= +  The system with 0rw <  is always 
stable, while for 0rw > , it will become unstable. For a 
neutral stability state 0.rw =  
 
2.1 Stationary Convection 
For the validity of the principle of exchange of stabilities 
(i.e., steady case), we have 0w = (i.e., 0r iw w= = ) at the 
margin of stability. Therefore, for marginally stable 




















π η ε χ
ε χ π
 
= + + − + 
 
 + − +
 
+ + 
                (22) 
The minimum value of the Rayleigh number S tTRa  
occurs at the critical wavenumber Stca a=  where 
St
ca r=  satisfies the equation 
4 3 2
0 1 2 3 4 0,a r a r a r a r a+ + + + =                             (23) 
where the constants 0 1 2 3, , ,a a a a and 4a  are not presented 
here for brevity. 
 
2.2 Oscillatory Convection 
For the marginally oscillatory state we now set iiw w=  
in Eq. (21) and clear the complex quantities from the 
denominator, to obtain 
1 2T iRa iw= ∆ + ∆ ,                                                       (24) 
where the expressions for 1 2,∆ ∆  are not presented for 
brevity. Since TRa  is a physical quantity, it must be real. 
Hence, from Eq. (24) it follows that either 0iw =  
(principle of exchange of stabilities) or 2Δ 0=  ( 0iw ≠ , 
oscillatory onset).   
 
For oscillatory convection 2Δ 0=  ( 0iw ≠ ) and this 




2 2 2 1 2 1 2
22
1
(1 ) ( ) ,Si n i
a Ra
Le R Lew δ δ χ ε χ δ
δ
− −= − − − − − +
                                                        (25) 
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The analytical expression for the oscillatory Rayleigh 
number given by Eq. (26) is minimized with respect to 
the wavenumber numerically, after substituting for 2iw  
(>0) from Eq. (25), for various values of physical 
parameters in order to know their effects on the onset of 
oscillatory convection. 
 
3 Results And Discussion 
The linear stability analysis of double diffusive reaction-
convection in an anisotropic porous layer with internal 
heat source is investigated analytically. The linear theory 
is based on the usual normal mode technique. The 
expressions for the stationary and oscillatory Rayleigh 
numbers for different values of the parameters such as 
internal Rayleigh number, Damkohler number, 
mechanical anisotropy parameter, thermal anisotropy 
parameter are computed and the results are depicted in 
figures. The effect of internal Rayleigh number iR  on 
the marginal stability curves is depicted in Fig. 1 for 
fixed values of other parameters. We find from this 
figure that with an increase in the value of internal 
Rayleigh number iR  decreases the minimum of the 
Rayleigh number for both stationary and oscillatory 
modes. Therefore, the effect of iR   is to advance the 
onset of stationary and oscillatory convection. 
Furthermore, we can observe from this figure that the 
effect of internal Rayleigh number iR  is more 
pronounced on the stationary mode than on the 
oscillatory mode. Also, we find from this figure that the 
minimum of the Rayleigh number shift towards the 
smaller values of the wavenumber with increasing 
internal Rayleigh number. 












χ =2, ξ =0.6, η =0.5, 
RaS= 50, Le=10, εn=0.4
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 Oscillatory





Figure 1: Neutral stability curves for different values of 
internal Rayleigh number iR .  
 
Figure 2 displays the effect of Damkohler number χ  on 
the neutral stability curves for stationary and oscillatory 
modes for fixed values of other parameters. We find that 
minimum value of the Rayleigh number for oscillatory 
mode increases with increasing the Damkohler number 
χ , indicating that the Damkohler number stabilizes the 
system in the case of oscillatory mode. On the other 
hand, increasing the Damkohler number decreases the 
minimum of the stationary Rayleigh number. This 
indicates that chemical reaction parameter destabilizes 
the system in the case of stationary mode. Thus, the 
chemical reaction parameter has a contrasting effect on 
stationary and oscillatory modes. It is also interesting to 
note that there exists critical Damkohler number cχ   
such that when cχ χ> , the convection mode switches to 
the stationary type, and when cχ χ< , the convection 
first sets in through oscillatory mode. Further, when 
cχ χ= , both stationary and oscillatory convection 
occurs simultaneously but with different wavenumbers 
(e.g., for fixed value of 
3, 0.6, 0.5, 10, 50,i SR Le Raξ η= = = = =  and 0.4nε = , 
we find 8.6068cχ = , see Fig. 2). Further, we can observe 
from this figure that the effect of Damkohler number χ  
is more pronounced on the stationary mode than on the 
oscillatory mode. 
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Figure 2: Neutral stability curves for different values of 
Damkohler number χ . 
 
The detailed behavior of the critical Rayleigh number 
with respect to the solute Rayleigh number for stationary 
and oscillatory modes is analyzed in the Tc SRa Ra−  
plane through Figs. 3-6. We observe from these figures 
that all the quantities namely, the critical Rayleigh 
number for stationary and oscillatory modes are 
increasing functions of the solute Rayleigh number. It is 
clear that for the parameters chosen for these figures, the 
oscillatory mode sets in prior to the stationary mode. 
Furthermore, in each of these figures, the curves 
corresponding to the oscillatory convection start from a 
point where the solute Rayleigh number attains some 
threshold value below which the oscillatory convection is 
not possible. This threshold value depends on the other 
parameters.  
 
Figure 3 shows the variation of the critical Rayleigh 
number for stationary and oscillatory modes with the 
solute Rayleigh number for different values of the 
internal Rayleigh number iR . We find that an increase in 
iR  decreases the critical Rayleigh number for stationary 
and oscillatory modes indicating that the effect is 
destabilizing. Also, we observe from this figure that the 
threshold value of the solute Rayleigh number below 
which the oscillatory convection is not possible increases 
with an increase of the internal Rayleigh number.  









χ =2, ξ =0.6, η =0.5, 
Le=10, εn=0.4
Ri = 0.1, 3, 5, 7
 
 
Figure 3: Variation of critical Rayleigh number with 
solute Rayleigh number for different values of internal 
Rayleigh number iR . 
  
In Fig. 4 the variation of critical Rayleigh number TcRa  
with solute Rayleigh number SRa  for different values of 
the Damkohler number χ  is shown. The critical 
Rayleigh number for the oscillatory mode increases with 
an increase in the value of χ , indicating that the effect 
of Damkohler number is to delay the onset of convection 
in case of oscillatory mode. This is because the chemical 
reaction term couples together the temperature and 
concentration fields to inhibit double diffusive effects. 
On the other hand, the critical Rayleigh number for the 
stationary mode decreases with an increase of χ , 
indicating that the effect of chemical reaction parameter 
is to destabilize the system in the stationary mode. Also, 
we find from this figure that the threshold value of the 
solute Rayleigh number below which the oscillatory 
convection is not possible increases with an increase of 
Damkohler number. The variation of the critical Rayleigh 
number for stationary and oscillatory modes for different 
values of the mechanical anisotropy parameter ξ  is 
shown in Fig. 5. We find that the critical Rayleigh 
number for the stationary and oscillatory modes 
decreases with an increase of ξ , indicating that the effect 
of mechanical anisotropy parameter is to advance the 
onset of stationary and oscillatory modes. Also, we 
observe that the threshold value of the solute Rayleigh 
number below which the oscillatory convection is not 
possible increases with the decrease of mechanical 
anisotropy parameter. 
















Figure 4: Variation of critical Rayleigh number with 
solute Rayleigh number for different values of 
Damkohler number χ . 




















Figure 5: Variation of critical Rayleigh number with 
solute Rayleigh number for different values of 
mechanical anisotropy parameter ξ . 
 
Figure 6 shows the effect of thermal anisotropy 
parameter η  on the critical Rayleigh number TcRa  with 
the solute Rayleigh number SRa  for fixed values of the 
other parameters. We observe that an increase in η  
increases the critical Rayleigh number for stationary, 
oscillatory modes indicating that the effect of an increase 
of thermal anisotropy parameter is to enhance the onset 
of stationary and oscillatory convection. Here, it is 
interesting to note that the effect of the thermal 
anisotropy parameter η  is opposite to that of the 
mechanical anisotropy parameter ξ . Also, we find from 
this figure that the threshold value of the solute Rayleigh 
number below which the oscillatory convection is not 
possible increases with the decrease of thermal 
anisotropy parameter.  




















Figure 6: Variation of critical Rayleigh number with 
solute Rayleigh number for different values of thermal 
anisotropy parameter η .  
 
4 Conclusions 
The onset of double diffusive reaction-convection in an 
anisotropic porous layer with internal heat source is 
investigated analytically using linear stability analyses. 
The linear theory provides the onset criteria for both 
stationary and oscillatory convection. The following 
conclusions are drawn: The critical Rayleigh number for 
stationary and oscillatory modes is increasing functions 
of the solute Rayleigh number. The internal Rayleigh 
number and mechanical anisotropy parameter have 
destabilizing effect, and the thermal anisotropy parameter 
has a stabilizing effect on the stationary and oscillatory 
convection. The effect of increasing Damkohler number 
is to advance the onset of stationary mode and enhance 
the onset of oscillatory modes. 
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